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The interplay between order and disorder in photonic lattices opens up a wide range of novel
optical scattering mechanisms, resonances, and applications that can be obscured by typical ordered
design approaches to photonics. Striking examples include Anderson localization, random lasers,
and visible light scattering in biophotonic structures such as butterfly wings. In this work, we
present a profound example of light localization in photonic crystal waveguides by introducing long-
range correlated disorder. Using a rigorous three-dimensional Bloch mode expansion technique,
we demonstrate how inter-hole correlations have a negative contribution to the total out-of-plane
radiative losses, leading to a pronounced enhancement of the quality factor, Q, and Q/V cavity
figures of merit in the long-range correlation regime. Subsequently, the intensity fluctuations of the
system are shown to globally increase with the correlation length, highlighting the non-trivial role
of long-range disorder on the underlying scattering mechanisms. We also explore the possibility of
creating ultra-high quality cavity modes via inter-hole correlations, which have various functionalities
in chip-based nonlinear optics and waveguide cavity-quantum electrodynamics.
I. INTRODUCTION
The rich physics behind phase transitions in solid state
physics, such as through the metal-insulator transition
[1], has been widely studied in electronic systems where
disorder plays an important role. The possibility of con-
trolling phase transitions by including spatial correlations
in the perturbed periodic potential has motivated sys-
tematic studies on the effects of long-range correlations to
either localize or delocalize the electronic wave function
throughout the system [2, 3]. On the other hand, the in-
terplay between order and disorder in photonics systems
[4–6], specifically, dielectric photonic crystal slab (PCS)
waveguides, has been mainly focused during the last two
decades on optimizing the performance of photonic de-
vices where effects of disorder are usually assumed to be
detrimental [7–10], which has been shown both theoreti-
cally and experimentally.
Despite this, there is a growing interest in employing
high-quality disordered-induced localized modes on PCS
waveguides, e.g., into the Anderson localization regime,
to study important phenomena in cavity-QED (quantum
electrodynamics) [11], collimation [12, 13], random lasing
[14] and optical sensing [15], where extrinsic disorder is
intentionally introduced to enhance localization, in addi-
tion to a small quantity of intrinsic disorder coming from
unavoidable imperfections during the fabrication process.
Furthermore, disorder has also been shown to be highly
beneficial for improving a wide range of complex photonic
systems with promising results [16–22]. Nevertheless,
only the effects of short-range (intra-hole) correlations
have been investigated in PCS devices with non-trivial
results [23, 24], and the effects of long-range correlations
have only been addressed in simple one-dimensional sys-
tems, including dielectric PCs [25], metallic PCS [26] and
microwave waveguides [27], whose results suggest a rich
underlying physics which has hitherto remained unex-
plored in higher dimensions. Due to the different motiva-
tions to exploit disorder effects in photonics and electron-
ics, a systematic study on the effects of long-range cor-
relations on disordered PCS is now highly desired. From
a theoretical perspective, this is partly because there are
no well developed models to solve such a problem, as it
would typically require a massive amount of computa-
tional resources, even for a single disorder configuration.
In this work, we close this gap, and report results
on the effects of inter-hole correlations on disordered-
induced localized modes in disordered PCS waveg-
uides. Specifically, we use an intuitive and fully three-
dimensional Bloch mode expansion (BME) model [28–
30], which has recently explained the observation of An-
derson localization using visible light on a semiconduc-
tor chip [31], and described how Anderson localization
modes form for local disorder [30], without any fitting pa-
rameters. Here we now significantly extend these ideas,
and we show that long-range disorder is much richer and
more useful in the context of light localization. Sur-
prisingly, we find that long-range correlations induce a
negative contribution to the total radiation losses of the
cavity-like modes localized along the disordered waveg-
uide, leading to a pronounced enhancements of the qual-
ity factor, Q, and Q/V (with V the effective mode vol-
ume) figures of merit commonly studied in PC cavity
physics and waveguide QED. The corresponding density
of states (DOS) and variance of the normalized intensity
(metric commonly adopted to quantify the underlying
statistical properties in disordered photonic systems) are
estimated throughout a Green function formalism and
found to increase (in overall) with the correlation length,
thus evidencing the non-trivial role of long-range disor-
der on light propagation. We finally explore the possi-
bility of creating ultra-high quality modes by taking the
2FIG. 1. Schematic representation of the planar system (top
down view) studied in this work. The fully-vectorial Bloch
modes Hkn(r), computed with GME in a W 1 waveguide unit
cell, are used to expand the disordered modes Hβ(r) with
expansion coefficients Uβ(k, n) into the BME approximation.
Radii fluctuations of different holes are assumed to be expo-
nentially correlated with correlation length lc.
long-range correlated disordered dielectric profile as an
optimal design for a long-length LN cavity.
Our results demonstrate the rich physics arising from
long-range spatial correlations in PCS systems and of-
fer potential alternatives for using engineered disorder to
create ultra-high Q modes over a broad band frequency
range. Moreover, they highlight a route to more easily
accessing waveguide QED with quantum emitters.
II. THEORY AND COMPUTATIONAL
MODELLING APPROACH TO DISORDERED
PHOTONIC CRYSTALS
From a computational perspective, modelling three-
dimensional cavity modes through long-range disorder
poses a significant challenge, since even one instance re-
quires massive amounts of memory and run time, if using
a standard brute-force Maxwell solver. Even if feasible
for a few instances (which is usually not the case for a
sufficient number of unit cells), full numerical simula-
tions would offer little to no physical insight into trends
and new features with correlated disorder. On the other
hand, perturbative approaches would also fail [7, 9], as
one needs a solution to the full nonperturbative scatter-
ing problem.
To address this challenge, we investigate the disordered
PCS waveguides using an efficient Bloch mode expansion
method (BME) [28], in particular, we focus on the W1
system (i.e., one row of holes removed in a triangular lat-
tice) whose physical properties are well known. The BME
approach uses the magnetic field of the disordered mode
Hβ(r), which is expanded in the Bloch mode basis of the
non-disordered waveguide, i.e., Hkn(r), where k and n
are the wave vector and band index, respectively, of the
Bloch mode inside the projected Brillouin zone of the
W1 system. Figure 1 shows a schematic representation
of our system. The corresponding expansion coefficients,
Uβ(k, n), are then determined by solving Maxwell’s equa-
tions, which are conveniently written as a simple linear
eigenvalue problem for isotropic, non-magnetic, transpar-
ent and linear photonic systems. Such eigenvalue prob-
lem turns to be Hermitian when working with magnetic
fields instead of the electric ones, simplifying the numer-
ical effort to solve the system. To compute the states
Hkn(r), we apply the guided mode expansion method
(GME) in which the PCS modes are expanded in the
guided mode basis of the effective homogeneous slab [32],
which is found to be very accurate for high index contrast
slabs.
For the material system, we consider Si material pa-
rameters, with refractive index n = 3.46, hole radii
R = 0.25 and slab thickness d = 0.55a, where R and
d are written in terms of the lattice parameter a of the
underlying hexagonal lattice of holes. The modes Hkn(r)
are accurately computed in a supercell of dimensions
a × 5√3a with one guided TE mode and a momentum
cutoff a|G|max = 19, where G is the lattice vector in the
reciprocal space. This choice determines a basis of 243
plane waves or, equivalently, 243 reciprocal lattice vec-
tors G. The Bloch mode expansion is then carried out
utilizing the complete set of bands (243) in a disordered
supercell of dimensions 100a× 5√3a and, consequently,
100 k points along the 1D projected Brillouin zone of the
non-disordered PCS waveguide. The radiative decay γβ
of the disordered mode is numerically estimated via the
photonic golden rule [28, 32], where the total “transition
probability” from the mode Hβ(r) to a radiative mode
Hrad(r) is computed and weighted with the correspond-
ing electromagnetic density of radiative states. The mode
quality factor is then Qβ = ωβ/γβ , with ωβ representing
the resonant frequency of the β-th mode. See Supporting
Information for additional details on the BME method.
Disorder is introduced in the system by considering ran-
dom fluctuations of the hole radii with Gaussian proba-
bility, and fluctuations from different holes are assumed
to be exponentially correlated:
〈∆R(ρh)∆R(ρh′)〉 = σ2ce−
|ρh−ρh′
|
lc , (1)
where σc is the standard deviation of the Gaussian fluc-
tuations, ∆R(ρh) is the radius fluctuation of the hole po-
sitioned at ρh = (x, y)h and lc is the correlation length.
III. PROPERTIES AND STATISTICS OF THE
DISORDER-INDUCED RESONANCES
Figure 2(a) shows the statistical behavior of the av-
eraged Qβ (in a log-scale) as a function of the corre-
lation length for σc = 0.005a. Supercell-induced finite
3FIG. 2. (a) Average 〈Q〉 (red curve) and standard deviation δQ (blue curve) of the cavity mode quality factors induced by
disorder (in log-scale) as a function of the correlation length lc. The maximum Q found in the distribution is represented by the
green curve. (b) Corresponding effective mode volumes from (a), with the minimum found in the distribution represented by
the green curve. (c) Corresponding enhancement factor Q/V from (a) and (b) with the maximum Q/V found in the distribution
represented by the green curve. 20 independent statistical realizations of the disordered system were considered for each lc with
σc = 0.005a
size effects are avoided by simply considering only those
modes whose localization length is smaller than 25a when
computing the average, 〈Q〉 (red curve), and standard
deviation, δQ (blue curve). The localization length is
estimated through the inverse participation number of
the eigenmodes, which accurately describes the effective
length cavity-like states where the mode intensity is non-
negligible [30] (see Supporting Information). Further-
more, 20 independent statistical realizations of the disor-
dered system are considered to compute the first and sec-
ond moments of the Q distributions, which is sufficient to
capture the statistics of the radiation losses in the waveg-
uide or long LN cavity geometry [33]. The mean qual-
ity factor increases rapidly for increasing lc and starts
to saturate around lc = 100a, yielding a 〈Q〉 improve-
ment of two orders of magnitude with respect to the non-
correlated case (lc → 0); the same behavior is also seen
in the standard deviation δQ and Qmax (green curve),
where the latter is the largest quality factor found in the
statistical ensemble (right-tail of the quality factor dis-
tribution). Such 〈Q〉 improvement is also seen for larger
disorder magnitudes σc, although smaller enhancement
factors are obtained (see details in the Supporting In-
formation document). The corresponding effective mode
volumes, computed by means of the well known expres-
sion Vβ ≈ 1/Max[ǫ(r)|Eβ(r)|2], are shown in Fig. 2(b);
here we are treating our modes as approximate normal
modes for the purpose of normalization, which is a very
good approximation for high Q modes, else one could
also compute the generalized effective mode volumes us-
ing quasinormal mode theory [34]. A slow increasing
of 〈V 〉 is seen as lc increases, leading to a maximum
of 20% change with respect to the non-correlated case
lc → 0. The minimum volume in the V distribution, Vmin
(green curve), follows the same trend of 〈V 〉, while the
standard deviation δV remains approximately constant
around (λ/n)3 as lc changes. The very small variations
of 〈V 〉 with respect to 〈Q〉 allows us to conclude, through
Fig. 2(c), that the enhancement factor Q/V is mainly de-
termined by the Q distributions; thus, somewhat surpris-
ingly, we conclude that the cavity figure of merit Q/V can
be increased up to two orders of magnitude by introduc-
ing long-range correlations in the disordered waveguide.
While specific cavity designs can also achieve very large
Q/V , our emphasis here is on the rich physics of long
range disorder to create many such random resonances.
To help explain these unusual results of Fig. 2, we
compute the average of the radiative decay (γ) from the
photonic golden rule [28, 32]. We first assume that the
disordered modes are dominated by the Bloch mode in
the band-edge of the non-disordered waveguide Hwg(r),
which is a good approximation in the weak-disorder
regime. This assumption allow us to estimate the average
γ from the fluctuations of the dielectric profile only:
〈γ〉 = π
ω
∑
rad
∫∫
S.cell
ρrad(z) 〈η(r)η∗(r′)〉Ξ(r)Ξ∗(r′)drdr′,
(2)
where ω is the frequency of the non-disordered waveg-
uide mode at the band-edge, ρrad(z) is the radiative den-
sity of states of the effective homogeneous system [32],
η(r) = 1/ǫ(r) with ǫ(r) representing the disordered di-
electric function, and Ξ(r) = [∇×H∗rad(r)] · [∇×Hwg(r)]
is the projection of the approximated disordered state
on the radiative one, which quantifies the coupling be-
tween the former and the latter, resulting in a radiative
decay. This approach is formally equivalent to the Green
function formalism, using the second-order Born approx-
imation, to compute the out-of-plane power loss in dis-
ordered PCS waveguides [9], which has been successfully
applied to explain various experiments [10, 35, 36].
The integrals in Eq. (2) have to be computed over all
the disordered supercell (S.cell) volume with z ranging
from −∞ to ∞, however, since fluctuations occur solely
where disorder is present, we focus on the region within
the slab (z ranging from −d/2 to d/2) in which the di-
4electric profile η(r) depends on the in-plane coordinates
ρ = (x, y) only and ρrad does not depend on z. There-
fore, we expand η(ρ) in a set of two-dimensional plane
waves
η(ρ) =
∑
G
η(G)e−iG·ρ, (3)
where G is the reciprocal lattice vector of the disordered
supercell. In the weak-disorder regime, i.e., ∆R/R ≪ 1,
the first order approximation to η(G) is given by
η(G) ≈ η0(G) + α(G)
∑
h
∆R(h)eiG·ρh , (4)
with
η0(G) =
1
ǫs
δG,0 +
2πR2(ǫs − ǫR)
ǫsǫRAS.cell
J1(|G|R)
|G|
∑
h
eiG·ρh ,
α(G) =
2πR(ǫs − ǫR)
ǫsǫRAS.cell
J0(|G|R). (5)
Here, ǫs and ǫR are the dielectric constants of the slab and
holes, respectively, AS.cell is the area of the supercell and
Jm represents the Bessel function of m order. In Eq. (4),
the first term corresponds to the Fourier coefficient of the
non-disorder profile, while the second term is the Fourier
coefficient of the random fluctuations. By using Eqs. (1),
(3) and (4) in Eq. (2), and considering that 〈∆R〉 = 0
and 〈∆R2〉 = σ2c , we find that the average of the radiation
losses can be written as
〈γ〉 = 〈γ〉non-corr + 〈γ〉corr , (6)
with
〈γ〉non-corr =
π
ω
∑
GG′
[η0(G)η
∗
0(G
′) + α(G)α(G′)σ2c
×
∑
h
ei(G−G
′)·ρh ]Irad(G,G
′), (7)
〈γ〉corr =
πσ2c
ω
∑
GG′
[α(G)α(G′)
∑
h 6=h′
e−
|ρh−ρh′
|
lc
× eiG·ρhe−iG′·ρh′ ]Irad(G,G′), (8)
Irad(G,G
′) =
∑
rad
ρrad
∫ ∫
e−iG·ρeiG
′·ρ′
× Ξ(r)Ξ∗(r′)drdr′, (9)
where〈γ〉non-corr represents the contribution of disorder
to the total averaged out-of-plane losses with no correla-
tions, while the term 〈γ〉corr represents the contributions
coming from the inter-hole correlations only.
Since 〈γ〉 < 〈γ〉non-corr, or equivalently 〈Q〉 >
〈Q〉non-corr = 〈Q〉 (lc → 0), from the results of Fig. 2, we
conclude that inter-hole correlations add negative contri-
butions to the total radiative losses. This fact, conjointly
with Eq. (6), are two key results of this paper. Specifi-
cally, in the regime of long-range correlations, the correla-
tion function exp(−|ρh − ρh′ |/lc) tends to its maximum
value 1, thus maximizing the negative contributions to
〈γ〉 and correspondingly maximizing the average qual-
ity factor of the disorder-induced cavities modes. The
saturation of 〈Q〉 around 100a in Fig. 2(a) is then under-
stood as follows: for correlations lengths larger than the
largest inter-hole separation (which is around the waveg-
uide length L) the correlation function starts to saturate
to its upper limit. The dependence of our results on the
specific shape of the correlation function for intermediate
values of lc, i.e., lc . L, is not trivial and will be discussed
in future work. It is important to say that our results in
Fig. 2(a) for lc = 0, i.e., 〈Q〉lc=0 ≈ (6.4 ± 1.5) × 105
are in good agreement with previous experimental mea-
surements of disorder-induced cavity modes in siliconW1
waveguides. Specifically, Topolancik et al. [37] have pre-
viously reported quality factors of 3×104 (largestQ in the
ensemble), for an intrinsic disorder magnitude of around
0.015a. This correspond to 3
√
3 times our σ (the
√
3
comes from disorder contributions on x, y and r in the
experimental sample [30]), which results in a factor of
1/27 on 〈Q〉 (see Ref. 38), then yielding ∼ 2.4× 104. As-
suming the same scaling factor for δQ in Fig. 2(a), we
finally get that, under the conditions given in Ref. 37,
our model predicts 〈Q〉lc=0 ≈ (2.4± 0.5)× 104.
To better understand the results of Fig. 2, we compute
the total DOS in units of the Purcell factor for perfectly
coupled emitters, by means of the formula[30, 33]
DOS(ω) =
6πc3
ωǫ3/2
Im


∑
β
1
ω˜2β − ω2

 , (10)
where ǫ is the slab dielectric constant, and ω˜β = ωβ −
iγβ/2 is the complex frequency. Equation (10) is aver-
aged over the total number of disorder realizations and
we show the corresponding 〈DOS(ω)〉 in Fig. 3 for differ-
ent correlation lengths. The fundamental W1 waveguide
mode is also shown in the bottom panel of the figure,
which is within the telecom band for a = 400 nm (see
Supporting Information). The averaged DOS displays
series of sharp spectral lines, mostly induced within the
gap of the W1 waveguide, with intensities in the 106
regime (Purcell factor units) for the longest correlation
length considered. Such lines correspond to the disorder-
induced cavity modes and evidence the non-trivial effects
of inter-hole correlations on the multiple scattering pro-
cesses into the waveguide. Particularly, an interesting
trend from this figure, is the increasing number of these
discrete resonances in the gap region (as well as their
average height) with the correlation length, which effec-
tively increases the operation bandwidth for applications
where a large number of high-quality modes is desired
over a broad frequency range, for application in random
lasing and many body QED [11, 14, 39].
Figure 3 suggests an increasing of the local DOS fluc-
tuations as the correlation length increases, since a larger
number of random cavities start to appear into the sys-
tem band gap. In order to verify this hypothesis we
compute the intensity fluctuations which have served as
5FIG. 3. Averaged DOS in Purcell factor units over the total
number of independent disordered realizations (20 instances)
as a function of frequency, for correlations lengths lc = 0,
lc = 50a, lc = 100a and lc = 150a. We also show in the
bottom pannel the corresponding fundamental W 1 mode in
the same frequency range.
FIG. 4. Variance of the normalized intensity (intensity fluctu-
ations) along theW 1 waveguide (red line) within the same fre-
quency range of Fig. 3 as a function of the correlation length.
The threshold for Anderson localization is represented by the
horizontal black dashed line.
a quantifier of the statistics followed by the disorder-
induced resonances, and capture the transition between
extended to localized states in presence of disorder [40].
Using a photonic Green function formalism, and linking
the vertically emitted radiation with the local DOS of the
system [41, 42], it is possible to show that the variance
of the normalized intensity are given by [33]
Var
[
I
〈I〉
]
= Var
[
̺(r, ω)
〈̺(r, ω)〉
]
, (11)
where
̺(r, ω) =
6
πω
Im
{
Tr
[←→
G (r, r, ω)
]}
, (12)
is the local DOS [43], and
←→
G (r, r′, ω) is the transverse
Green function given by [44]
←→
G (r, r′, ω) ≈
∑
β
ω2E∗β(r
′)Eβ(r)
ω˜2β − ω2
. (13)
Equation (11) is computed for the local DOS along
the waveguide direction, i.e., ̺(x, y = 0, z = 0, ω), for
all disordered samples and averaged over the frequency
range of Fig. 3. Results are shown in Fig. 4, where an
overall increasing of Var(I/ 〈I〉) is seen as the correla-
tion length increases, thus confirming our hypothesis. It
is worth nothing that because the very small disorder
magnitude introduced in the system, a large correlation
length is needed within the studied frequency window to
reach the statistical threshold for Anderson localization,
which is defined by the horizontal dashed line at 7/3 (see
Ref. 11). Nevertheless, sharp peaked resonances with
ultra-high quality factors and localization length much
smaller than the waveguide length are still found in the
ensemble of disordered samples for lc < 150a. These
disorder-induced resonances, product of multiple coher-
ent backscattering events [36], are truly localized and
may be employed for cavity-like physics as proposed in
the following section. Yet, and more importantly, Fig. 4
showcases the profound role of the correlation length, for
long-range disorder, on the transition between extended
to localized photonic states, in analogy to metal-insulator
transitions in electronic systems.
IV. USING LONG-RANGE CORRELATED
DISORDER TO CREATE ULTRA-HIGH Q
MODES
The green curve in Fig. 2(a) represents an efficient de-
sign to support ultra-high Q cavity modes when long-
range correlations are considered; in fact, it has been
recently shown that disorder-induced cavity modes in
waveguides may be safely bounded with mirrors with
negligible effects on the resonant frequencies and qual-
ity factors [33]. Here, we take advantage of such phe-
nomena, together with long-range correlations, to obtain
ultra-high Q/V LN PCS cavities. Specifically, we select
6the disorder-induced cavity mode from the green curves
of Figs. 2(a) and 2(c) at lc = 60a (same state), and build
a LN cavity (along the waveguide) whose center is as
close as possible to the mode electric field peak. Fig-
ure 5 shows the results of this analysis. The horizon-
tal black line, QW1 corr., represents the Q value of the
disorder-induced cavity mode in the W1, while the red
line, Qcorr.cav. , is the Q factor of the resulting LN cavity
mode, as a function of the cavity length, built on the
corresponding disorder realization of the long-range cor-
related W1 system, i.e., we add mirrors on the specific
disordered correlated geometry. Eventually, for long cav-
ity lengths, the disordered mode becomes insensitive to
the LN cavity boundary condition, and both LN mode
and W1 disorder-induced mode become equivalent [33].
In order to evidence the Q enhancement when long-range
correlations are considered, we also superimpose in Fig. 5
the fundamental mode quality factor of the perfect LN
cavity, i.e., with σc = 0, which is denoted as Q
σc=0
cav. . We
obtain aQ improvement of one order of magnitude for the
longest cavities, with respect to the regular case, achieved
by strategically adding inter-hole long-range correlations
in the system without any optimization procedure. The
intensity profiles of the disordered modes in the center of
the slab (|D(ρ, z = 0)|2 = ǫ(ρ)2|E(ρ, z = 0)|2) are shown
in Figs. 6(a) and 6(b) for the W1 case and resulting L35
cavity case, respectively. Here, one clearly sees the equiv-
alence between the disordered modes in both waveguide
and long-length cavity systems.
FIG. 5. Quality factors (log-scale) of the LN cavity, Qcorr.cav.
(red curve), designed throughout the disordered long-range
correlated waveguide realization at lc = 60a, QW1 corr. (hor-
izontal black curve), as a function of the cavity length. The
fundamental mode Q of the perfect LN cavity, Qσc=0cav. , is
shown in green as a function of the cavity length.
To better connect to practical devices and real life ex-
periments to date, we next investigate the additional ef-
fects of (unavoidable) fabrication imperfections on the
correlated L35 cavity of Fig. 5 (red line). Fabrication-
induced, or intrinsic disorder, is considered here by
adding non-correlated Gaussian fluctuations in the hole
radii of the long-range correlated design, in particular,
we adopt the state-of-the-art disorder magnitude, rele-
vant to Si fabrication techniques, which is reported to
be σi = 0.0006a [45], i.e., around 10 times smaller than
σc (notice that the actual radial fluctuation in the pres-
ence of correlations depends on the correlation length,
see Supporting Information for details). As in the case
of correlated disorder, we consider 20 statistical realiza-
tions to compute the statistical distributions of Q and
V induced by intrinsic imperfections. Results are sum-
marized in Table I where the averaged value over the
intrinsic disorder realizations is represented by 〈〉σi . We
obtain 〈Q〉σi and 〈Q/V 〉σi values which are up to 3 and 7
times larger, respectively, when the long-range correlated
design is considered as the optimum one. Furthermore,
these averaged values in the correlated systems are even
larger than the ones obtained in the perfect case (no dis-
order), evidencing again, the potential benefits of engi-
neered disorder to improve cavity figures of merit as Q
and Q/V , and demonstrating the very non-trivial role of
inter hole long-range correlations.
V. CONCLUSIONS
We have investigated the effects of inter-hole (long
range) correlations on the disordered-induced localized
modes emerging in disordered PCS waveguides, using a
fully three-dimensional Bloch mode expansion technique.
We have demonstrated that inter-hole correlations induce
negative contributions to the total averaged out-of-plane
losses of these cavity-like states, thus enhancing the cor-
responding averaged quality factor up to two orders of
magnitude with respect to the one obtained with non-
correlated disorder. We have also found that long-range
correlations induce intensity fluctuations in the system,
allowing the transition between extended states and An-
derson localization with the correlation length as a con-
trol parameter. We then studied the possibility of creat-
ing ultra-high Q and Q/V cavities where the long-range
correlated disordered design is taken as the optimum one
without carrying out any optimization procedure. Our
results open a wide range of new possibilities to explore
the non-trivial effects of long-range correlations in PCS
platforms. But more importantly, they demonstrate the
deep connection to important problems in solid state
physics and photonic crystal physics, and clearly there
remains a large body of work that could extend these
general ideas to nanophotonic circuits.
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7FIG. 6. (a) Intensity profile of the disordered-induced localized mode (within the slab center) in the W 1 long-range correlated
system chosen in Fig. 5. (e) Intensity profile of the resulting L35 cavity.
TABLE I. Optical properties of the fundamental L35 cavity with long-range correlations, and with no correlations (perfect
cavity). The magnitude of non-correlated intrinsic disorder considered is σi = 0.0006a.
Q 〈Q〉
σi
V (λ/n)3 〈V 〉
σi
(λ/n)3 Q/V (λ/n)−3 〈Q/V 〉
σi
(λ/n)−3
Fundamental L35 with long-range correlations
1.26× 108 3.52× 107 2.25 2.23 5.62 × 107 1.57× 107
Fundamental L35 with no correlations
1.3× 107 9.98× 106 4.62 4.55 2.82 × 106 2.22× 106
Appendix A: The Bloch Mode Expansion Method
The eigenfrequencies and eigenstates of the disordered W1 system are computed in the main manuscript using the
Bloch mode expansion method (BME) [28, 29]. The key idea behind the method is to express the disordered magnetic
field of the photonic crystal, Hβ(r), as a linear expansion of the non-disordered Bloch modes, Hkn(r), with expansion
coefficients Uβ(k, n):
Hβ(r) =
∑
k,n
Uβ(k, n)Hkn(r), (A1)
where k and n denote the wave vector of the Bloch mode within the first Brillouin zone of the non-disordered system,
and n labels its band index. Under the conditions of linear, isotropic, non-magnetic, transparent, and non-dispersive
materials, the time-independent Maxwell equations are turned into the following ordinary linear eigenvalue problem
when the expansion of Eq. (A1) is considered:
∑
k,n
[
Vkn,k′n′ +
ω2
kn
c2
δkk′,nn′
]
Uβ(k, n) =
ω2β
c2
Uβ(k
′, n′), (A2)
with disordered matrix elements given by
Vkn,k′n′ =
∫
s.cell
δη(r) (∇×Hkn(r)) · (∇×H∗k′n′(r)) dr. (A3)
The matrix elements Vkn,k′n′ are computed in a large supercell characterized by the dielectric profile δη(r) which is
defined as
δη(r) = η(r)− η0(r) = 1
ǫ(r)
− 1
ǫ0(r)
, (A4)
where ǫ(r) and ǫ0(r) are the dielectric function of the disordered and non-disordered systems, respectively. In order
to efficiently compute the integrals of Eq. (A3), we adopt the GME approximation [32] where the Bloch modes of the
non-disordered structure are expanded in the eigenmodes of the effective homogeneous slab. Since these eigenmodes
are linear combinations of sine and cosine functions, the matrix elements of Eq. (A3) are turned into analytical
expressions under the GME approach. Finally, the radiation mode losses of the system is estimated by computing
the first order coupling between the disordered and radiative modes. This procedure is formally equivalent to the
well known Fermi’s golden rule in quantum mechanics, and has been shown to be very accurate in low-loss photonic
8crystal slabs [32]. Specifically, the out-of-plane losses is calculated by computing the “transition probability” from a
disordered mode |Hβ〉 to a radiative mode |Hrad〉, above the light line of the slab, with the corresponding radiative
density of states ρrad(z), so that
γβ =
π
ωβ
∑
rad
∣∣∣〈Hrad|Θˆ|Hβ〉
∣∣∣2 ρrad(z), (A5)
where
Θˆ = ∇× η(r)∇×, (A6)
is the Maxwell operator of the disordered supercell. The out-of-plane quality factor of the optical cavity mode is defined
as Qβ = ωβ/γβ, and the electric field of the disordered mode is computed from Hβ(r) via Maxwell’s equations, i.e.,
Eβ(r) =
ic
ωβǫ(r)
∇×Hβ(r), (A7)
which is normalized through
∫
s.cell
ǫ(r)|Eβ(r)|2dr = 1. (A8)
Since we are dealing with linear optics and low-loss dielectric systems, we adopt the usual definition of the effective
mode volume Vβ ≈ 1/Max[ǫ(r)|Eβ(r)|2], where r0 is taken at the position of the electric field peak. The cavity modes
are convergent in space through the BME approach, and so we do not need to use a formal quasinormal mode theory
of these modes [34].
1. Guided mode expansion band structure of perfect lattice (no disorder)
Figure 7 shows the projected band structure of the W1 waveguide computed with GME in the first Brillouin zone.
As reported in the main manuscript, we have considered a Si refractive index of n = 3.46, hole radii R = 0.25a,
slab thickness d = 0.55a and supercell dimensions of a × 5√3a. One TE guided mode is considered in the GME
expansion with 243 plane waves, leading to a total set of 243 bands (partly shown by the black curves in the figure).
The band edge of the fundamental W1 TE-like mode is found at 0.257 ωa/2πc, which is equivalent to ν ≃ 193 THz
or λ0 ≃ 1.55 µm (telecom wvalengths) when a typical lattice parameter in Si photonic structures, a = 400 nm, is
considered. We employ the complete set of bands in the BME expansion in order to obtain accurate values for the
out-of-plane losses. Further details on the convergence of the BME method can be found in Refs. 33 and 38.
FIG. 7. GME projected band structure of the W 1 waveguide. All the set of bands (black curves) are employed in the BME
expansion. The band edge of the fundamental W 1 mode is at 0.257 ωa/2pic, or ν ≃ 193 THz / λ0 ≃ 1.55 µm for a = 400 nm.
92. Localization length of disorder-induced modes
Structural disorder in PCS waveguides dramatically affects the propagation of guided modes by inducing multiple
backscattering phenomena [35], which leads to the spontaneous formation of random cavities along the waveguide
direction. The effective length of such cavities is determined by the effective localization length of its modes, i.e., the
size of the region where the mode intensity is non-negligible, and it is a measure of the localization properties of the
system in the presence of disorder. The localization length of a disordered eigenmode Hβ(r) can be easily estimated
in the BME formalism by means of the inverse participation number [28]. If we define the function
ψ(x) =
∫
Ly
|Hβ(x, y, z = 0)|dy, (A9)
where Ly is the size of the supercell in the y direction, the inverse participation number (with length units) can be
defined through
Lβ =
[∫
L ψ(x)dx
]2
∫
L ψ(x)
4dx
, (A10)
which accounts for the localization length of the disordered mode Hβ(r) in a waveguide of length L.
Appendix B: Dependence of Q on the correlated-disorder parameter σc
In Fig. 8 we show the dependence of the averaged Q on the correlated disorder magnitude σc. We have identified
the same exponential decreasing of 〈Q〉 already seen for the Anderson localized modes in a disordered W1 with no
spatial correlations [30]. As expected, the decreasing is faster for systems with very large Q and huge values of 〈Q〉,
larger than the ones reported in the main manuscript, are predicted for σc < 0.005a. Nevertheless, σc = 0.005a
corresponds to a good compromise between Q enhancement and sample fabrication issues, as this correlated disorder
magnitude is around 10 times larger than the state-of-the-art precision achieved in fabricated Si PCS structures, which
is σi ≃ 0.0006a [45]. Notice, however, that the effective fluctuations of the holes may be smaller than the nominal σc
for long correlations lengths (see following section), but in the largest lc case considered these effective fluctuations
are still around 5 times larger than 0.0006a.
FIG. 8. Average 〈Q〉 as a function of σc for different correlation lengths. The value considered in the main manuscript is
σc/a = 5× 10
−3. 20 independent realizations of the disordered system were considered to compute the average.
Appendix C: Effective disordered system with no spatial correlations
When long correlations lengths are considered in the disordered system, the effective radii fluctuations σeff in each
disordered sample is smaller than the nominal value σc. Such effect is clearly seen in Fig. 9(a) where we plot the
averaged standard deviation of R over the set of disorder realizations of the system, i.e., we compute the standard
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deviation of R for each of the 20 disordered instances and the mean of these 20 values is defined as σeff . For lc = 0
the effective fluctuations are the same of the nominal value considered in the main manuscript, i.e., σc = 0.005a, but
for lc = 150 they are reduced by 50%. In all cases the average 〈R〉 has the same value of the nominal hole radius
R = 0.25a. Since an effective reduction of the radii fluctuations in a disordered PCS waveguide leads to a reduction of
out-of-plane losses, it might be argued that the Q enhancement presented in Fig. 1(a) of the main manuscript comes
from an effective reduction of structural disorder and not from the effects of long-range correlations. In order to check
the robustness of our findings and discard this possibility, we investigated the behavior of Q as a function of σeff with
no correlations. As for the cases presented in the main manuscript, we considered 20 disorder realizations for each
σeff to carry out this analysis. Results are shown in Fig. 9(b). The averaged quality factor of the disorder-induced
cavities modes decreases for increasing σeff as intuitively expected (increasing disorder), but the largest 〈Q〉 value,
which corresponds to the smallest σeff , is around 50 times smaller than one obtained with σc = 0.005a and long-range
correlations [case of lc = 150a in Fig. 1(a) of the main manuscript]. Therefore, results of Fig. 9 strongly supports the
(significantly) non-trivial effects of long-range correlations in our system.
FIG. 9. (a) Effective radii fluctuations σeff as a function of the correlation length. The average of R is found to be 0.25a in
all cases. (b) Average 〈Q〉, standard deviation δQ and maximum Qmax as a function of the effective radii fluctuations σeff . 20
independent realizations of the disordered system (with no correlations) were considered to compute the average and standard
deviation in panel (b) for each σeff .
Appendix D: Long-range correlations in the hole positions
FIG. 10. Average 〈Q〉 (red curve) and standard deviation δQ (blue curve) of the cavity mode quality factors induced by
hole-position disorder (in log-scale) as a function of the correlation length lc. The maximum Q found in the distribution is
represented by the green curve. 20 independent statistical realizations of the disordered system were considered for each lc with
σc = 0.005a.
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Our main conclusion in the main manuscript comes from a disorder model in which only the size of the holes is
randomly fluctuated with long-range correlations. However, our findings are general and also apply for disorder in
the hole positions. In such a case, we simply assume that the position random fluctuations, generated by a Gaussian
probability distribution, are correlated as follows
〈∆Xi(ρh)∆Xi(ρh′)〉 = σ2ce−
|ρh−ρh′
|
lc , (D1)
where X1(ρh) = xh and X2(ρh) = yh are the in-plane coordinates of the hole h. Results are shown in Fig. 10 for 〈Q〉,
δQ and Qmax as a function of the correlation length with σc = 0.005a. We identify exactly the same Q enhancement
seen for hole-size disorder in the main manuscript, strengthening the generality of our results.
Appendix E: Robustness of the long-range correlated designs against intrinsic disorder
FIG. 11. Out-of-plane losses of the fundamental L35 cavity mode as a function of the squared intrinsic disorder parameter for
the selected design presented in the main manuscript (red courve). The perfect case, i.e., cavity with no correlations, is also
shown (back curve). We consider 20 independent statistical realizations of the disordered L35 cavity for each σi.
Figure 11 shows the dependence of the fundamental mode quality factor of the L35 design with long-range cor-
relations (Table 1 main manuscript) on the intrinsic disorder parameter σi. We plot 1/ 〈Q〉 as a function of σ2i in
order to evince the well known linear relation between the averaged out-out-plane losses and the squared disorder
parameter in PCS cavities [38]. The slope of these curves are closely related with the robustness of the Q cavity
modes against disorder; smaller the slope more robust the system is against structural imperfections unintentionally
introduced during the fabrication stage. Interestingly, the slope of the black curve is ∼ 20% larger than the red
one, suggesting that long-range correlations may help to improve the robustness of the system against non-correlated
disordered.
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